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Integrated Rotor-Flight Control System Optimization
with Aeroelastic and Handling Qualities Constraints

Vineet Sahasrabudhe,¤ Roberto Celi,† and André L. Tits‡

University of Maryland, College Park, Maryland 20742

The results are presented of a study concerning the integrated optimization of rotor and � ight control systems
with simultaneousaeroelastic and handlingqualities constraints. A representative subset of the ADS-33C handling
qualities speci� cation is reformulated into inequality constraint form. A simpli� ed design model is used, consisting
of three rotor design variables and � ve control system design variables for each � ight condition. It is not possible to
satisfy the entire set of aeroelastic and handlingqualities constraints using just the three rotor design parameters of
this study. If the design is optimized for just one � ight condition, optimizing simultaneously the rotor and the � ight
control system leads to substantially better designs than by sequentially optimizing the rotor � rst and the � ight
control system next. The designs obtained using the two optimization strategies are quite different, con� rming that
rotor and � ight control systems are strongly coupled.

Nomenclature
A; B = state and control matrices, respectively
a1; a2 = roll axis pole position parameters
a3; a4 = pitch axis pole position parameters
a5 = yaw axis pole position parameter
C.s/ = transfer function matrix of feedforward

elements
F.¢/ = objective function value
g j .¢/ = j th constraint
H; H.s/ = matrix of feedback gains
kÁ; kp = roll attitude and rate feedback gains,

respectively
kµ ; kq = pitch attitude and rate feedback gains,

respectively
kÃ ; kr = yaw attitude and rate feedback gains,

respectively
L p; L µ1c = roll stability and control derivatives,

respectively
M.s/ = transfer function matrix of command model
P = nonlinear plant
QP¡1.s/ = transfer function matrix of approximate inverse

plant
p = roll rate
R = � ap-lag elastic coupling factor
u = open-loop swashplate displacement vector
ucs ; Pucs = closed-loop swashplate displacement and rate

vectors, respectively
w1; w2 = input displacement and rate weighting vectors,

respectively
X = vector of design variables
.X i /L ; .X i /U = lower and upper bound on i th component of

design vector, respectively
x = vector of states
D u = perturbed input displacement vector
D x = vector of perturbed states
µ0; µt = collective pitch input for main and tail rotor,

respectively, rad
µ1s; µ1c = longitudinal and lateral cyclic pitch input,

respectively, rad
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¸ j .¢/ = j th eigenvalue
¹ = advance ratio
!� ap; !lag = � ap and lag natural frequencies, respectively,

/rev

Superscripts

.¢/H ; .¢/F F = hover and forward � ight, respectively

Introduction and Background

S UBSTANTIAL coupling between the rotor and fuselage dy-
namics of the fuselage may exist for helicopters equipped with

hingelessand bearinglessmain rotors.For example,a lowly damped
regressive lag mode can couple with the fuselage roll degree of
freedom and result in air resonance instability. The coupling be-
tween rotor and fuselage dynamics can be further increased by the
� ight control system. Care must be exercised to prevent closed-loop
aeroservoelasticinstabilities,especiallywhen the gains of the � ight
control system are high.

The possibilityof interactionsbetweenrotordynamicsanda � ight
control system has been recognized for several decades, starting
from the early work of Miller1 and Ellis.2 The topic was subse-
quently revisited by Hall and Bryson,3 who showed that the � ap
regressivemode (called a rotor precessionmode in Ref. 3) could be
destabilized by increasing suf� ciently pitch and roll attitude feed-
back gains.

The study by Chen and Hindson4 combines theory with the � ight
testing of a variable stability CH-47 aircraft. One of the results is
that increasing roll attitude feedback gains and roll rate feedback
gains leads to a closed-loop instability. The same conclusion was
reached by Tischler5 in a study focusing on the BO-105. The roll
attitudeand roll rate feedbackgains are limitedby the destabilization
of a coupled body roll-rotor � ap regressive mode in the absence of
time delays, whereas a coupled body roll-rotor lag regressivemode
limits roll rate feedback gains when realistic amounts of time delay
are included in the model.

In the last decade there has been an increasinginterest in applying
multivariable feedback control theories to the design of advanced
� ight control systems. A comprehensivereview of this research has
been presented by Manness et al.6 The question arises of whether it
is possible to neglect rotor dynamics in the design by simply lump-
ing it with other plant uncertainties. In Ref. 7, it was suggested that
this could be done using the H1 method. A different conclusion,
however,was reachedby Ingle,8 who showed that an H1 basedcon-
troller designed without explicitly including rotor dynamics would
cause unacceptable handling qualities characteristics. Yudilevitch
et al.9 adopted a different approach to achieving handling qualities
compliance using control system design. A � xed structure control
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systemwas assumedand its parameterswere variedvia optimization
to satisfy handlingqualitiesspeci� cations.A six-degree-offreedom
model of the helicopterrigid-bodydynamics was used, with two ad-
ditional states being used to represent � ap dynamics.

The research mentioned earlier, and other not mentioned for rea-
sons of space, provides ample evidence that rotor dynamics plays
a pivotal role in the design of a successful helicopter � ight con-
trol system. On the other hand, in all the published studies on this
topic an underlying assumption is that the rotor design is � xed. In
other words, the handling qualities design objectives are achieved
by operatingon the architectureand on the gains of the � ight control
system but not on the con� guration and on the design parameters
of the rotor. This re� ects a standard design practice, in which the
rotor is designed primarily based on performance, aerodynamic,
and possibly vibratory load considerations,with handling qualities
a secondary objective. Although it is reasonable to assume that in-
tegrating the design of rotor and � ight control systems will result
in better handling qualities, simpler control systems, and much re-
duced risk of aeroservoelastic instabilities, there is currently little
or no published information to support this assumption.

The main objective of this paper is to begin to answer the ques-
tion of whether it is feasible and practical to design concurrently
rotor and � ight control systems and what speci� c bene� ts can be
gained by such an integrated approach. This is accomplished by
carryingout a numericaloptimizationstudy in which both rotor and
� ight control system design variables are selected to minimize con-
trol effort, subject to simultaneousaeroelasticstability and handling
qualities constraints.The size of such a multidisciplinaryoptimiza-
tion can easily become prohibitively large, thereby obscuring the
fundamental features of the problem. Therefore, particular care is
taken in selectinga formulationof the design problemthat is simple
enoughthat its fundamentalfeaturescan be isolatedand understood,
but one that retains a number of underlying physical mechanisms
suf� cient to make it realistic.

Mathematical Model of the Helicopter
The helicoptermodel used for this study includes � ap and lag dy-

namics of each blade for a four-bladedrotor, six-degree-of-freedom
nonlinear fuselage dynamics and in� ow dynamics. The blades are
modeled as rigid blades with offset hinges and a set of springs at the
root.10 Various � ap and lag frequenciescan be simulatedby varying
the � ap spring stiffnessk¯ , the lag spring stiffnessk³ , and the elastic
coupling parameter R.

The nonlinear coupled rotor–fuselage equations of motion are
written in � rst-order form. The model can be used to calculate a
coupled rotor–fuselage trim solution in straight � ight and steady
turns. The free-� ight response to arbitrary pilot inputs can be simu-
lated through integration of the nonlinear equations of motion. It is
also possibleto extracta linearizedmodel by numericalperturbation
of the states about the current trim position, resulting in the small
perturbation equations of motion

D Px D A D x C B D u (1)

The � ight control system architectureused in this study is similar
to that used in the UH-60 Advanced Digital/Optical Control Sys-
tem (ADOCS)11 and is based on a model following concept. The
controller structure is shown in Fig. 1. This structure consists of the
nonlinear plant P (the actual helicopter), a set of simple gains H
in the feedback loop, and a command model M along with a feed-
forward element. The feedforward element is a parallel connection
of QP¡1, a low-order linear approximation to the inverse plant, and a
gain element H identical to the one used in the feedback path. The
transfer function from the desired system response ±m to the actual
output y is unity when the dynamics of the inverse plant exactly

Fig. 1 Model following control architecture.

Table 1 Transfer functions of command model and inverse plant

Command model
Nominal Parameterized

Axis model model Inverse model

Roll
37:5

.s C 2:5/.s C 2:5/

37:5

.s C a1/.s C a2/

.s C 6:743/.s C 0:241/

58:76

Pitch
24

.s C 2/.s C 2/

24

.s C a3/.s C a4/

.s C 2:592/.s C 0:310/

29:87

Yaw
8

s.s C 2/

8

s.s C a5/

s.s C 0:381/

7:23

matches that of the helicopter.Thus, by placing appropriatedynam-
ics in the command model M, any desired output can in principle
be obtained at y. Feedback is applied only to the attitude loops.

The feedback matrix H consists of simple gains and is diagonal.
No cross-coupling terms are present. The command model M and
the inverseplant QP¡1 are also diagonal.The individualchanneltrans-
fer functions for the command model M are given in Table 1. These
transfer functions are based on Ref. 12 and re� ect the desired han-
dling qualities requirements (at least for small amplitude inputs).

The inverse plant approximation QP¡1 is obtained by � tting low-
order transfer functionsto the frequencyresponseof each channelof
a nominal linearizedplant.Becausethe � t is of low order, the transfer
functionfrom ±m to y is not exactlyunityat all frequencies.Typically
the transfer matrix QP¡1 thus obtained is not proper (see Table 1).

A parameterization of the controller is carried out based on the
ADOCS approach.11 First, the rate gains kp , kq , and kr and the
attitude gains kÁ , kµ , and kÃ in the pitch, roll, and yaw channels,
respectively,are assumed to be variable. These gains are contained
in the feedback matrix H. Then the command model M is parame-
terized (see Table 1), and the poles a1 and a2 of the desired roll dy-
namics a3 and a4 for pitch and a5 for yaw are assumed to be variable.

A minimal realization in � rst-order state space form of the con-
trol system transfer function is obtained by building a control-
lable realization,which is then made observable using the staircase
algorithm.13 The inverse plant QP¡1 is not proper and hence cannot
be realizedby itself. However, if we lump the feedforward elements
together as C.s/, we have

C.s/ D QP¡1.s/M.s/ C H.s/M.s/ (2)

This feedforward element C.s/ is now realizable if QP¡1.s/M.s/ is
proper.

Formulation of the Optimization Problem
The optimizationproblem is formulated in nonlinearmathemati-

cal programmingform. Thus we seek a vector X of design variables
that minimizes an objective function F .X/, subject to behaviorcon-
straints of the type g j .X/ · 0; j D 1; : : : ; m, and side constraints
.X i /L · X i · .X i /U ; i D 1; : : : ; n, where m is the total number of
constraints, n is the number of design variables, .X i /L is the lower
limit on design variable X i , and .X i /U is the upper limit on X i .

Two optimization strategieswere used. In the � rst, which we call
sequential optimization, the rotor design variables were optimized
� rst for a bare airframe con� guration. The rotor design was then
frozen, and the control system was optimized. The second strategy,
which we call integratedoptimization,consisted of optimizingboth
rotor and control system simultaneously. The overall organization
of the optimization process is shown in Fig. 2.

Aeroelastic Constraints
The aeroelastic constraints enforce rotor aeroelastic stability by

requiring that the real parts of the eigenvalues¸ j of the state matrix
A correspondingto the rotormodes be negative.For a 4-bladedrotor
with independent � ap and lag degrees of freedom there will be 16
stability eigenvalues. If a constant coef� cient representationof the
state matrix is used, as in this study, the eigenvalues will appear
in complex conjugate pairs. In this case there would only be eight
independent complex conjugate pairs. The model of the helicopter
used in this study is not likely to predict the rotor vibratory loads
with suf� cient accuracy. Therefore, no rotor loads constraints were
included in the optimization.
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Fig. 2 Organization of optimization process.

Handling Qualities Constraints
The handlingqualitiesconstraintsenforce compliancewith a rep-

resentative subset of the ADS-33 speci� cations14 for hover. The
following speci� cations were chosen to formulate the constraints.
Bandwidth-phase delay constraints (Spec. 3.3.2.1 of ADS-33) for
roll and pitch: these are constraints on the shape of the frequency
response.Damping constraints(3.3.2.2) for the phugoid,Dutch roll,
roll, and pitch poles: these are pole placement type constraints. At-
titude quickness (3.3.3) constraints in pitch and roll; large ampli-
tude (3.3.4) constraints on roll, pitch, and yaw attitudes and rates;
vertical response (3.3.10.1) constraints; interaxis-coupling (3.3.9)
constraintson yaw-due-to-collective,roll-to-pitch,and pitch-to-roll
coupling: all these are constraints on the time histories of the re-
sponse to pilot inputs.

For the bandwidth-phase delay speci� cations, the frequency re-
sponse of this system is calculated from Eq. (1) and the bandwidth
and phase-delayvalues were then determined as described in ADS-
33 (Ref. 14). The eigenvaluesof the linearized model are also used
for the pole placement speci� cations.

For the moderate amplitude speci� cations, a desired time history
attitude response was assumed and the corresponding rate was ob-
tained by differentiation. The dynamics were then modeled using
simple one degree-of-freedomlinear equations and solving for the
required input. For the roll degree of freedom, this results in

µ1c.t/ D
Pp.t/ ¡ L p p.t/

L µ1c

(3)

This input was then applied to the full nonlinear system model and
the attitude response obtained by integrating the equations of mo-
tion. The output was usually not exactly the same as the output of
the simple linear models, but it was of the same general form and
adequate for the evaluationof the handling qualities characteristics.
Only one time history, that is, only one value of attitude change,
was used for each speci� cation. This is suf� cient to study the basic
effectsof these requirementson the entireoptimizationproblem.On
the other hand, it shouldnot be consideredas a completeveri� cation
of compliance with the quickness speci� cations. In fact, this would
require a number of time histories suf� cient to cover the entire range
of values of attitude changes included in each speci� cation.

The large amplitudespeci� cationwas evaluatedby using a scaled
version of the moderate amplitude input. The vertical response
speci� cation and the yaw-due-to-collective speci� cation require a
step collective input. A � rst-order system response was � tted to the
vertical rate response as required by Ref. 14, and the � t parameters
were used for the speci� cation.Finally, the pitch/roll cross-coupling
speci� cations were evaluated by feeding a step input to each of the
axes in turn and comparing the on- and off-axis responses.

Many of the handling qualities speci� cations are expressed in
graphical form, as boundaries of regions in which the points rep-
resentative of the helicopter must fall to achieve certain handling
qualities levels. The speci� cations were transformedinto inequality
constraints by calculating the distance of the representative point
P from the prescribed boundary L on the appropriate speci� cation
plot (Fig. 3). A negative sign was assigned to the distance if the
desired handling qualities level was achieved, and a positive sign if
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it was not. This distancewas used as the constraint value g j . Unless
speci� ed otherwise, all the constraints in the presentstudy are based
on level 1 requirements.The 18 handling qualities constraintswere
added to the 8 aeroelastic constraints for a total of 26 constraints.

Sequential Optimization
The sequential optimization consists of two phases: a rotor opti-

mization followed by a � ight control system optimization.

Step 1—Rotor Only
The design vector X for the rotor optimizationphase simply con-

sisted of the rotor stiffness parameters k¯ and k³ and the elastic
coupling factor R. Thus,

X D [k¯ ; k³ ; R]T (4)

Only a bare airframe con� guration was assumed in this phase. It
was not usuallypossible to obtain a feasiblesolutionwithout a � ight
control system. Therefore, the objective functionwas formulatedas
the sum of the values of the violated constraints. Hence,

F.X/ D g j .X/; j D 1; : : : ; nV (5)

where nV is the total number of violated constraints and all the g j

are positive because they correspond to violated constraints. Thus
the objective of the � rst phase of the optimizationwas to design an
aeroelasticallystable rotor and to satisfy as many handlingqualities
constraints as possible by reducing the value of F .X/, possibly to
zero.

Step 2—Flight Control System Only
For this step the rotor con� gurationwas held � xed at the optimum

of step 1, and the � ight control system was optimized. The design
vector for the control optimization consisted only of the control
systemparameters.To reducethe numberof designvariables,design
variable linking was used. Thus attitude and rate gains for roll and
yaw were set to be identical, that is, k p D kÁ and kr D kÃ . Similarly,
the roll and pitch pole variables were linked by setting a1 D a2 and
a3 D a4 . (It should be noted that this choice has the effect of forcing

Fig. 3 Handling qualities constraint de� nition for small amplitude
short term speci� cation in pitch (hover).

Table 2 Design variables: initial and � nal values

Sequential optimization

Design Rotor Rotor Control Control Integrated optimization

variable initial � nal initial � nal Initial Final

k¯ £ 5:0e¡05 10.78 (1.12) 10.111 (1.115) —— —— 10.78 (1.12) 10.744 (1.119)
k³ £ 5:0e¡06 2.494 (0.70) 2.592 (0.71) —— —— 2.494 (0.70) 2.689 (0.72)
R 0.9 0.0 —— —— 0.9 0.898
k p; kÁ —— —— ¡0.0288 ¡0.0288 ¡0.0288 ¡0.0398
kq —— —— 0.5332 0.5332 0.5332 0.3546
kµ —— —— 0.0692 0.0689 0.0692 0.0619
kr ; kÃ —— —— ¡0.0194 ¡0.0194 ¡0.0194 ¡0.0376
a1; a2 —— —— 0.8827 0.8827 0.8827 0.6125
a3; a4 —— —— 0.7982 0.7986 0.7982 0.8435

the damping ratio in both roll and pitch to be equal to one.) Finally,
the yaw pole variable a5 was held � xed at its nominal value of 1.99
rad/s. Hence, the design variable vector actually used was

X D [kp; kq ; kr ; kµ ; a1; a3]
T

For the control system optimizationphase, the objective function
was chosento be a weightedsum of the swashplatedisplacementand
rate vectors (ucs and Pucs ), for two prede� ned maneuvers, namely,
those used to evaluate compliance with Speci� cation 3.3.3 in roll
and pitch. Figure 1 clari� es the relationship between ucs and the
plant input vector u de� ned earlier. Thus ucs is the closed-loop
input vector to the helicopter when the control system has been
introduced,and Pucs is the time derivativeof ucs . The vectorsucs and
Pucs are representative of the inputs that would go into swashplate
actuators. Hence minimization of an objective function based on
these displacements and rates is equivalent to minimizing inputs to
actuatorsplaced at that point. The objective function was de� ned as

F.X/ D
T

0

wT
1 ucs.t ; X/2 C wT

2 Pucs.t; X/2 dt (6)

where w1 and w2 are weighting vectors, and the summation is car-
ried out over the two different maneuvers. The objective F .X/ is a
measure of control activity at the actuator inputs. The constraints
used for the control optimization were identical to those of step 1.

Integrated Optimization
The design vector for this case consisted of both the rotor and

control system parameters used in the sequential optimization pro-
cedure. Thus,

X D [k¯ ; k³ ; R; kp ; kq ; kr ; kµ ; a1; a3]T

The objective function used was the control activity measure
given in Eq. (6). The same set of constraints as in the sequential
optimization was used in this case.

Results and Discussion
The results presented in this section are for a hingeless rotor with

solidity¾ D 0:07. The angular velocity of the rotor is 424 rpm. The
weight coef� cient is CW D 0:005. The rotor has four blades and
the blade airfoil has a lift curve slope of a D 6:0 and a pro� le drag
coef� cient cd0 D 0:01. The fuselage gross weight is 4855 lb. The
c.g. of the aircraft is 0:2R below the hub. Both the sequentialand the
integrated optimization procedures were carried out starting from
the initialdesignsde� ned in Table 2. The numbersin parenthesesare
the � ap and lag frequencies corresponding to the spring stiffnesses
and coupling parameter R. The initial design is typical of a soft-in-
plane hingeless rotor.

Sequential Optimization
Step 1—Rotor Only, No Flight Control System

No feasible initial solution was obtained for this problem. The
violated constraints were the three constraints associated with in-
teraxis coupling and the phugoid pole placement constraint. Pre-
liminary sensitivity studies showed that the phugoid poles cannot
be appreciably modi� ed using the rotor design parameters of this
study.Hence the phugoidconstraintwas arbitrarilyrelaxed so that it
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Fig. 4 Objective function iteration history: sequential vs integrated
optimization.

was satis� ed by the initial design.However, the preliminary studies
indicated that the violation of the cross-coupling constraints could
be reduced using the selected rotor design parameters. The cross-
coupling constraints were relaxed so that the optimizer could start
from a feasible design, but they were also included in the objective
function.With this formulationof the designproblem, the optimizer
tried to minimize the cumulative violation of the original cross-
coupling constraints. The � nal optimum design was still infeasible
for the original set of unrelaxed constraints.The � nal design values
are shown in the second column of Table 2.

Comparing the initial and the � nal design, it is obvious that the
major change that has taken place is in the value of the coupling
parameter R. The value of R decreases from the starting value of
0.9 to 0.0.This correspondsto a rotorwith all its � exibilityinboardof
the pitch bearing. Results not presented here indicate the violation
of this constraint can be reduced slightly, but not eliminated, by
lowering the value of R.

Step 2—Flight Control System Only
The initial designfor the secondphaseof the sequentialoptimiza-

tion was the optimized rotor obtainedat the end of step 1. The initial
values of the design variables that describe the � ight control system
are shown in Table 2. This initial design was obtained through a
small amount of trial and error. This design satis� es all constraints
except the phugoid level 1 constraint,but designs that violatedmore
constraintswould have also been acceptable.

With the addition of a � ight control system it was possible to ob-
tain a feasible design without having to relax any constraint.There-
fore the � ight control system optimization was carried out with the
more stringentcontrol activityobjective function de� ned in Eq. (6).
The iteration history of the objective function is shown in Fig. 4.
Clearly, although feasible designs are achieved, a sequential opti-
mizationstrategydoesnot signi� cantly reducecontroleffort. In fact,
the objective function only showed a decrease of less than 1%.

Integrated Optimization
The initial design for the integrated optimization consists of the

initial rotor parametersfor step 1 and the initial � ight control system
parameters for step 2 of the sequential optimization. The initial
values are listed in the � fth column of Table 2. The initial design is
feasible.

The iteration history of the objective function for this case is
shown in Fig. 4. At the end of the optimization the control activity
was reduced by 67% and all the constraints were satis� ed. This
reduction was signi� cantly larger than that obtained by sequential
optimization. Figure 5 shows the improvement in swashplate input
displacement for the moderate amplitude pitch maneuver, for both
the initial and the optimizeddesign.The reductionin controlactivity
is clearly evident, especially in the later phases of the maneuver.

The roll rate and attitude responses to a shaped lateral input are
shown in Fig. 6. These responses were used to calculate the value
of the roll attitude quickness speci� cation. The optimization pro-
duced designs such that both attitude and roll peaks were lower than
their initial values. However, the ratio of peaks was such that the

Fig. 5 Swashplatedisplacement during moderate amplitudepitch ma-
neuver for initial and � nal design (integrated optimization).

Fig. 6 Moderate amplitude roll rate and roll attitude response of var-
ious designs.

constraint was still satis� ed. Figure 7 shows the pitch and roll atti-
tude responses to a longitudinalcyclic step input. The � gure clearly
shows the improvement in the roll due to pitch cross-coupling as a
result of optimization. The � nal design obtained by integrated op-
timization had marginally lower cross-coupling than that obtained
by simultaneousoptimization.Finally, the yaw rate response due to
collective input is shown in Fig. 8. Once again the optimal designs
had a much lower off-axis response,with both the simultaneousand
integrated optimization producing comparable reductions.

The � nal rotor design obtained from the integrated design pro-
cedure is listed in the last column of Table 2. Compared with the
sequentially optimized design, the � ap and lag stiffnesses change
by similarly small amounts, but the elastic coupling parameter R
is substantially different. The optimum value of R D 0:898 corre-
sponds to a rotor with most of the bending � exibility outboard of
the pitch bearing and therefore with a large virtual hinge offset.

The likely reason for the different optimum values of R in the
two � nal designs is the following. With a sequential optimization
strategy, when the optimizer is selecting the rotor parameters, it
cannot take advantageof the � ight control systembecausein the � rst
step there are no control design variables. Therefore it attempts to
reduce the cross-couplingsby essentiallyreducing the virtual hinge
offset through a small value of R. On the other hand, when rotor
and � ight control system parameters are available simultaneously
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Table 3 Off-design performance for various
rotor/control combinations

Control activity,
Design from Eq. (6)

Baseline (bare airframe) 89.97
Baseline with initial controller 89.64
Optimized (sequential) 229.30
Optimized (integrated) 49.54

Fig. 7 Pitch and roll attitude response and interaxis coupling due to
lateral step input.

Fig. 8 Yaw rate response to collective input.

for the optimization, the latter are used as the primary means to
satisfy the cross-couplingconstraints.

Off-Design Analysis
Both optimal con� gurations were also analyzed in an off-design

� ightcondition,namely forward � ight at an advanceratio¹ D 0:15.
These con� gurations were compared with two baseline designs at
the same � ight condition. The � rst baseline design corresponds to
the unoptimizedrotor and controlcombinationin the � fth columnof
Table 2. The second baseline design corresponds to the optimized
rotor in the second column of the table in combination with the
control variable values in the third column of the table, that is, the
initial design for step 2 of the sequential optimization.

Table 3 shows the controlactivitiesof thesedesigns.The optimum
rotor/� ightcontroldesignobtainedusingthe integratedoptimization
procedure appears to have a lower control activity in the off-design

conditions as well. However, it is infeasible and violates the pitch
and roll moderate amplitude constraints, and the pitch-to-roll and
roll-to-pitchcross-couplingconstraints.The sequentiallyoptimized
design, in the off-designcondition, violates the roll pole-placement
constraint, the roll moderate amplitude constraint, and the roll-to-
pitch cross-coupling constraint. The two baseline designs, on the
other hand, are feasible.

Two-Point Optimization
The off-designanalysis showed that the optimizedcon� gurations

do not perform adequately in off-design, forward-� ight conditions,
because the control activity is higher than the baseline and/or sev-
eral of the constraints are violated. As a way of making the design
satisfactory over a broader range of advance ratios, a two-point op-
timization was carried out. The two � ight conditions chosen were
hover and forward � ight at an advance ratio of ¹ D 0:15. Thus the
design variables consisted of one set of rotor design variables and
two sets of control design variables,one each for hover and forward
� ight, for a total of 15 design variables. Both the sequential and the
integrated optimization strategies were employed.

For the sequential optimization the structural optimizationphase
(step 1) has the same three-element vector of design variables as
in Eq. (4). The constraint set, however, consists of constraints at
both hover and forward � ight. The handling qualities constraints
associated with the forward-� ight speci� cations are de� ned in the
same way as in the hover case, that is, as distances of the point
representativeof the aircraft from the boundaryof the handlingqual-
ities level 1. The followingspeci� cationswere used for the forward-
� ightcase.Bandwidth-phasedelayconstraintsfor roll (Spec. 3.4.5.1
of Ref. 14) and pitch (3.4.1.1): these are constraintson the shape of
the frequency response. Damping constraints (3.4.1.2 and 3.4.5.1)
for the phugoid, Dutch roll, roll, and pitch poles: these are pole-
placement type constraints. Attitude quickness constraints in pitch
(same as hover) and roll (3.4.5.2); large amplitude constraints on
roll (3.4.5.3) and pitch (same as hover) attitudesand rates; interaxis-
coupling (3.4.4.2) constraintson roll-to-pitchand pitch-to-rollcou-
pling: all these are constraints on the time histories of the response
to pilot inputs. This gives a total of 14 handlingqualities constraints
in forward � ight. The periodicityof the state matrix in forward � ight
was ignored in this study and a constant coef� cient approximation
was used, resulting in eight aeroelastic stability constraints.

The objective function for step 1 of the sequential optimization
procedure was the sum of the violated constraints as de� ned in
Eq. (5). The violated constraints included in the objective function
were the pitch/roll cross-couplingconstraints in hover and forward
� ight, the yaw-due-to-collective cross-coupling in hover, and the
pitch moderate amplitude constraint in forward � ight. There was no
appreciable improvement in the objective function. Initial and � nal
values of the rotor design variables are listed in Table 4.

The controloptimizationphase (step 2 of the sequentialapproach)
consistsof optimizingtwo sets of parameters,one each forhoverand
forward � ight. The constraint set included both hover and forward-
� ight constraints. Because the rotor design is kept frozen in this
phase, this problemcan be decoupledinto two independent,smaller
subproblems,one for each � ight condition.The hover problem con-
sists of the hover set of control design variables and the hover con-
straints; similarly, for the forward-� ight condition. For both � ight
conditions, the objective function was the measure of control activ-
ity as de� ned by Eq. (6). Figure 9 shows the iteration history of the
objective function. The initial and � nal values of the control design
variables are listed in Table 4. These values were obtained from a
small amount of trial and error. The design vector for the integrated
optimization approach is

X D k¯ ; k³ ; R; k H
p ; k H

q ; k H
r ; k H

µ ; a H
1 ; aH

3 ;

kF F
p ; kF F

q ; k F F
r ; k F F

µ ; aF F
1 ; aF F

3

T

Because the rotor design was being varied simultaneouslywith the
� ight control system, it was not possible to decouple the problem
into hover and forward � ight subproblems and it was necessary
to consider both hover and forward-� ight constraints.Hence, there
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Table 4 Two-point optimization: design variables—initial and � nal values

Sequential optimization

Design Rotor Rotor Control Control Integrated optimization

variable initial � nal initial � nal Initial Final

k¯ £ 5:0e¡05 10.78 (1.12) 10.895 (1.121) —— —— 10.78 (1.12) 12.078(1.13)
k³ £ 5:0e¡06 2.494 (0.70) 2.493 (0.70) —— —— 2.494 (0.70) 2.6096(0.71)
R 0.9 0.899 —— —— 0.9 0.6289
kH

p ; kH
Á

—— —— ¡0.0288 ¡0.040 ¡0.0288 ¡0.032
kH

q —— —— 0.5332 0.453 0.5332 0.275
kH

µ
—— —— 0.0692 0.036 0.0692 0.023

kH
r ; kH

Ã
—— —— ¡0.0194 ¡0.0375 ¡0.0194 ¡0.018

aH
1 ; aH

2 —— —— 0.8827 0.557 0.8827 0.696
aH

3 ; aH
4 —— —— 0.7982 1.033 0.7982 0.925

kFF
p ; kFF

Á
—— —— ¡0.0188 ¡0.004 ¡0.0188 0.018

kFF
q —— —— 0.732 0.376 0.732 0.287

kFF
µ

—— —— 0.0689 0.042 0.0689 0.012
kFF

r , kFF
Ã

—— —— ¡0.0194 0.041 ¡0.0194 ¡0.04
aFF

1 ; aFF
2 —— —— 0.9827 1.333 0.9827 1.523

aFF
3 ; aFF

4 —— —— 0.8986 0.822 0.8986 0.930

Fig. 9 Objective function: two-point integrated optimization.

were a total of 48 constraints.Figure 9 shows the iterationhistory of
the objective function for both the integrated approach and the se-
quential approach. The objective functions here include the control
activity in both hover and forward � ight. The � nal value obtained
usingan integratedoptimizationapproach is almost 25% lower than
the best valueobtainedusing the sequentialoptimizationprocedure.
Thus, the bene� ts of an integratedoptimizationover a sequentialone
do not appear as signi� cant as they did for the single point optimiza-
tion. A possible explanation lies in the value of the � ap-lag elastic
coupling factor R. It is clear from the integratedoptimizationresults
that the best value of R is between 0.6 and 0.9, depending on the
speci� c problem. The rotor-onlyportion of the sequentialoptimiza-
tion in hover ended with a � nal value of R D 0, which was held
constant in the subsequent � ight control system-only phase. This
means that the optimizer had to work with a rotor that we know a
posteriori not to be a very good con� guration. Consider now the
sequential optimization for the two-advance ratio case. At the end
of the rotor-only phase, the value of R is about 0.9. Thus phase 2
will start from a much better design than it did in the previous case.
Therefore, the sequential optimum design will be better than in the
single advance ratio case, and it is not surprising that the improve-
ment produced by an integrated optimization is smaller than in the
single ¹ case.

Figures 10a and 10b show, respectively, the time history of the
swashplate input displacementsand rates for a moderate amplitude
pitchmaneuverin hover.The one-and two-pointsequentialand inte-
grated designs are compared. In the maneuvers required to evaluate
compliance with the quickness speci� cation, actuator rate and dis-
placement saturation may sometime occur. Such effects have been
neglected in the present study. Figure 11 shows that saturation is
likely to occur only in the one-point sequentially optimized design.
For the three other optimum designs, an objective function of the

a) Swashplate displacements

b) Swashplate rates

Fig. 10 Swashplate displacements and rates during moderate ampli-
tude pitch maneuver.

form of Eq. (13) proves effective in reducing control activity to the
point that saturation becomes unlikely.

Off-Design Analysis for Two-Point Optimization
The two-point rotor design process described earlier optimized

rotor and � ight control systems for both hover and forward � ight at
¹ D 0:15. All level 1 handling qualities requirements were met at
both speeds and stability was maintained.

An off-design analysis was performed by considering forward
� ight speeds of ¹ D 0:1 and 0:2. Both hover and forward � ight
gains were used for ¹ D 0:1, and forward � ight gains were used for
¹ D 0:2. Table 5 shows the valueof the objectivefunctionused in the
optimization for three different cases. In the � rst case, the advance
ratio is ¹ D 0:1 and the � ight control system gains are those optimal
for hover. In the second case, ¹ D 0:1 but the gains are optimal for
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Table 5 Off-design analysis for two-point optimum designs

Control activity, from Eq. (6)

Sequential Integrated
Case design design

¹ D 0:1 with hover controller 16.96 21.18
¹ D 0:1 with forward-� ight controller 25.06 65.84
¹ D 0:2 with forward-� ight controller 327.47 101.31

¹ D 0:15. In both cases, optimizing rotor and � ight control systems
simultaneously rather than sequentially leads to reduced control
effort.The reverse,however,seems to be true for theoff-design� ight
condition¹ D 0:2, in which the � ight control systemgains are those
optimal for ¹ D 0:15. The pitch-to-roll cross-coupling constraint
is not satis� ed for any of the off-design conditions. In addition,
at least one other constraint is violated in each case, namely, the
roll medium amplitude constraint for the ¹ D 0:1/hover gain case,
the roll medium amplitudeconstraintfor the ¹ D 0:1/forward-� ight
gain case, and the roll-to-pitchcross couplingconstraint for the ¹ D
0:2/forward-� ight gain case for designs obtained by the sequential
optimizationprocedure. In the off-design analysis of the integrated
optimizationdesign,thepitch/rollcross-couplingconstraintsand the
roll moderate amplitude constraint are violated in each of the three
casesmentionedearlier.Thus,oneormore constraintsareviolatedin
each of the off-design � ight conditions, indicating that steps should
be taken to improve the robustness of the optimum designs.

Summary and Conclusions
This paper contains the results of a study concerning the inte-

grated optimization of a rotor and � ight control system subject to
simultaneous aeroelastic and handling qualities constraints. A rep-
resentative subset of the ADS-33 handling qualities speci� cations
was reformulated into inequality constraint form so as to be com-
patiblewith numericaloptimizationprocedures.A simpli� ed design
model was used, consisting of three rotor design variables and � ve
control system design variables for each � ight condition.

The main results of the study are the following:
1) It is not possible to satisfy the entire set of aeroelastic and

handling qualities constraints using just the three rotor design pa-
rameters of this study. It is likely, however, that the same conclusion
would hold even if more rotor design parameters were available.
The constraints on the off-axis response to the pilot inputs are the
most dif� cult to satisfy.

2) If the design is optimized for just one � ight condition, op-
timizing simultaneously rotor and � ight control systems leads to
substantially better designs than by sequentially optimizing the ro-
tor � rst and the � ight control system next. Both designs satisfy all
the constraints, but the integrated optimization produces designs
with far lower control effort requirements.The designsobtainedus-
ing the two optimization strategies are quite different, con� rming
that the rotor and � ight control systems are strongly coupled. In
off-design � ight conditions, the integratedoptimum designs tend to
perform better than sequentially optimized designs, but both types
of designs become infeasible.

3) If the design is optimized for more than one � ight condition,
optimizingsimultaneouslyrotorand � ightcontrolsystemsstill leads

to betterdesigns than a sequentialoptimizationapproach in terms of
control activity, although the improvements are smaller than in the
single-pointcase. The off-design behavior appears to be better than
thatof the sequentiallyoptimizeddesignsfor � ightconditionswithin
(but not outside) those actuallyused for the optimization.It also ap-
pears to be better than for the designs optimized for just one � ight
condition.However,one ormore constraintsareviolatedby each de-
sign in each of the off-design � ight conditions, indicating that steps
should be taken to improve the robustnessof the optimum designs.
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